This paper proposes a multivariate GARCH model with nonlinear conditional variances as a new approach to modeling contagion and interdependence between international …nancial markets. The conditional variances are allowed to change smoothly between two extreme regimes and the transition is governed by past volatility. Changes in volatility interactions are thus indicative of structural changes in market linkages with implications to contagion and interdependence. The model is derived both under normal and student-t distributional assumptions. A LM test of linearity in conditional variances is also derived. Simulation studies point to model robustness to di¤erent variance and correlation speci…cations. An empirical example is provided.
Introduction
"The markets are just waking up to the fact that the Asian crisis is far from over -and in some places it is getting worse," Kenneth Courtis, the chief economist for Deutsche Bank, said recently, before Russia's problems took center stage. "People just pull their horns in. They are much more attuned to risk than they were even a few months ago." New York Times, May 28, 1998. In 1997, what began as a currency crisis in Thailand, with the devaluation of the Thai baht on July 2nd of that year, quickly spread throughout Asia. One year later, the …nancial crisis had already spilled over to Russia and a currency crises would soon follow in Brazil. The instability of the 1990's provided a large amount of anecdotal evidence on international …nancial comovements. The belief was that, due to …-nancial integration, shocks to one particular market could propagate to others leading to higher volatility across markets.
The term contagion has been used to describe crisis in which an initial country-speci…c shock spills over to other countries' economies. What makes contagion interesting is that, in some cases, the a¤ected countries have very di¤erent characteristics and economic environments. It is still somewhat unclear what are the dynamics governing contagion events and a rich literature has developed in the wake of the late 1990's crisis trying to address the issue of whether there has actually been any contagion at all. A good survey can be found in Forbes and Rigobon (2001) and it is important to stress that di¤erent perspectives on the transmission mechanisms of shocks between markets will generally yield di¤erent de…nitions of contagion.
The approaches to measuring transmission of shocks and testing for contagion are also found to vary greatly in the literature. Using Forbes and Rigobon's taxonomy, those can be summarized in one of four categories: analysis of cross-market correlation coe¢ cients, Generalized Autoregressive Conditional Heteroskedasticity (GARCH) frameworks; cointegration, and probit models. On the GARCH frameworks category, most of the work has been done under the assumption of linearity of volatility. It is, though, arguable that the volatility dynamics of di¤er-ent markets may be better described by a multivariate GARCH model with nonlinear conditional variance equations.
The main motivation for this paper is to introduce such multivariate GARCH model. Having as a starting point the extension of the constant conditional correlations GARCH (CCC-GARCH) model of Bollerslev (1990) proposed by Jeantheu (1998) and detailed in He and Teräsvirta (2004) , a simple further generalization would be to consider nonlinearity in the conditional variance equations. Given the anecdotal evidence presented above and the evidence from …nancial data indicating volatility clustering, one may expect that the countries' level of volatility will increase in more turbulent times. This implies that both conditional and unconditional variances may be changing over time.
What impact interactions between di¤erent markets have on one speci…c market's conditional variance and how this relationship evolves with the market's conditional variance will be indicative of whether there is contagion or simply interdependence. In order to capture these dynamics it is assumed that there are two regimes in the volatility of such data: one regime associates to lower volatility, tranquil times and the other to high volatility, turbulent times. The transition between the two regimes is considered to be smooth and governed by past volatility, which is itself in ‡uenced by the interaction of cross-market shocks and volatilities.
The proposed model seems to correctly capture the volatility dynamics in question and provides empirical evidence to support the existence of contagion in some markets, interdependence in others and even loss of interdependence.
Before introducing the model it may be useful to more carefully de…ne the signi…cance of the word "contagion" as used throughout this paper. This is done in section 2, with a brief review of some relevant theoretical and empirical results. Section 3 introduces the non-linear model and presents an LM test for linearity in conditional variances. Section 4 presents some empirical results and section 5 concludes.
Contagion: Theory and Practice
The de…nition of contagion adopted here is the same as in Forbes and Rigobon (2001) . That is, contagion is a signi…cant increase in crossmarket linkages after a shock to an individual or group of countries. One distinction has to be made between contagion and interdependence. As in Forbes and Rigobon (2002) it is important to note that an increase in variance for one market after shocks to related markets could be due to interdependence and not contagion. A feature of …nancial integration is that markets' comovements happen even during tranquil times and this is called interdependence. The various possible transmission mechanisms for shocks such as trade and …nancial markets integration itself are active at all times. Contagion necessarily entails a change in the market linkages with an increase of markets interactions accompanying increased market volatility. Interdependence, on the other hand, means that an overall increase in market volatility can happen even if market linkages do not change. Forbes and Rigobon (2002) consider a test of contagion based on correlation coe¢ cients. In order to overcome the fact that correlations are positive functions of variance, an adjusted correlation coe¢ cient is used. Since volatility is usually higher in turbulent periods, a test based on (conditional) correlation is biased upward evidencing spurious contagion. Results presented in Forbes and Rigobon (2002), Boyer, Gibson, and Loretan (1999) and Loretan and English (2000) con…rm that after adjustment of correlation coe¢ cients to re ‡ect unconditional correlation there is little evidence of contagion.
One of the caveats of using the correlation coe¢ cients adjusted to heteroskedasticity is that it assumes no endogeneity between markets. Given the extensive literature on di¤erent transmission mechanisms it is important to consider the possibility of endogeneity between di¤erent markets.
Edwards (1998) utilizes a linear GARCH framework to examine contagion on bond markets after the Mexican peso crisis. Even though there is evidence of signi…cant volatility spillovers from Mexico to Argentina, the tests presented do not indicate whether the size of propagation changed during the crisis period.
Building on …nancial theory such as CAPM (Sharpe (1964) ), Dungey, Fry, Gonzalez-Hermosillo and Martin (2002), Dungey and Martin (2004) and Bekaert, Harvey and Ng (2005) propose latent factor models with linear GARCH speci…cations for conditional variance of common shocks. It can be shown that this approach introduces a structural shift during the crisis period in both the expected conditional variance and covariance (see Dungey, Fry, Gonzalez-Hermosillo and Martin (2005) ). Edwards and Susmel (2001, 2003) are one of the …rst examples of a nonlinear approach to the problem of modeling contagion under the ARCH/ GARCH framework. The authors consider a Markov Switching ARCH model for conditional volatilities in a bivariate setting and apply this model to data from a set of Latin American countries. In their model, the low and high volatility regimes of each country are used to identify the states of nature. One country is ex ante identi…ed as originator of the crisis and the correlation coe¢ cient is made dependent on that country's state of nature. Baele (2005) investigates volatility spillovers from US and aggregate European markets to other European countries. The author uses the BEKK model with regime switches in the shock spillover parameters and …nds that regimes are signi…cant and contribution of shocks increases during high volatility times.
Billio and Caporin (2005) introduce a Markov switching dynamic conditional correlation GARCH model in which unconditional correlations are driven by an unobservable Markov chain. They proceed to test contagion as breaks in unconditional correlation and …nd positive evidence of di¤erent regimes in correlations for a set of daily stock market indices.
Other frameworks for testing and modeling contagion are outside the scope of this paper and the reader is referred to Claessens and Forbes (2001) for more theoretical and empirical background on contagion.
3 The Model: CCC-STGARCH 3.1 Multivariate GARCH models, Nonlinearity and
Contagion
The aim of this paper is to model volatility dynamics of related markets in a simple and direct manner utilizing a multivariate GARCH framework. In order to do so, the chosen model has to incorporate a few desirable features.
Interactions between …nancial markets may happen at any given period of time regardless of turbulences, what is otherwise known as interdependence. Thus, a model for the volatility of related markets has to include not only impact of contemporaneous shocks to variances but also the history of volatility interactions. In order to have the past interactions impact on the present variance equation the extended constant conditional correlations GARCH model in He and Teräsvirta (2004) is used as a base model. The choice of this model for the application at hand is a consequence of its convenience. The parameters in the extended CCC-GARCH model represent directly the impact of the different lagged terms on the individual variances. The additional lagged volatility interaction terms may be interpreted as indicative of market linkages and will be useful in determining whether contagion happens and, if so, in which direction.
Accounting for the possibility of changes in the market interactions as a function of volatility implies extending the base model by allowing for nonlinearity in the conditional variance equations. This is done here by the introduction of a smooth function g(s it ; ; c) that coordinates the transition between two di¤erent volatility regimes. This approach relates to the theory of smooth transition autorregressive (STAR) models and readers are referred to van Dijk et al. (2002) for a good survey on existing literature.
The assumption of smooth transition between regimes allows for a generalization of Forbes and Rigobon (2002) de…nition of contagion in the sense that it also allows for contagion to happen smoothly. In this context, contagion implies an increase in the volatility interaction parameters between the low and high volatility regimes.
He and Teräsvirta …nd that the extended CCC-GARCH model is already capable of characterizing processes with rather general autocorrelation structures in its …rst-order version. Following this result and the desire for a parsimonious model speci…cation, the Constant Conditional Correlations Smooth-Transition GARCH (CCC-STGARCH) model is derived below in its …rst-order version.
The CCC-STGARCH(1,1) model
Consider the following stochastic vector process:
where D t = diag(h 1t ; :::; h N t ) and h it is the conditional standard deviation of " it for i = 1; ::N . Furthermore, de…ne z t = (z 1t ; :::; z N t ) 0 such that z t is iid with expected value E [z t ] = 0 and covariance matrix
and ii = 18i and ij 6 = 0 8i 6 = j. Let h t = (h 1t ; :::; h N t ) 0 be N 
For simplicity, the conditional mean is assumed equal to zero throughout this study.
Consider the logistic distribution function given by
where s it is a transition variable for country i. Set n = 1 and s it = h it 1 such that s t = (h 1t 1 ; :::; h N t 1 ) 0 and let G(s t ; ; c) = diag(g(s 1t ; ; c 1 ),...,g(s N t ; ; c N )).
Following these de…nitions, the vector Logistic Smooth-Transition GARCH model with constant conditional correlations is given as an extension of the CCC-GARCH model such that
where a i is N 1 vector, A i and B i are N N matrices for i = 1; 2 such that h (2) t is positive for every t. The conditional covariance matrix of the shocks " t can then be de…ned as
The two regimes (i = 1; 2) can be viewed as two states of the world for each market. One interesting feature of this model is that two markets not need be in the same state of the world at the same time. Since it is enough for positivity of h This feature of the model is very appealing for modeling contagion as it allows for each country to move into the high volatility state of the world separately. Using the lagged standard deviation as a transition variable implies that the country will move from one regime into the other as it's volatility increases or decreases. Contagion can thus be inferred from an increase in the o¤-diagonal elements of matrices A i and B i . from state i = 1 to state i = 2.
The intuition behind the volatility dynamics is that unconditional variance will change smoothly every time conditional variance is above or below certain thresholds. This allows for nonstationary dynamics in volatility with unconditional variance bounded above and below by its value in the high and low volatility states. Stability of the system as a whole is insured by stationarity of the limiting regimes.
For this choice of transition variable s it the logistic distribution function g(s it ; ; c i ) is also de…ned by the location parameter c and by the slope of the function . Increasing also increases the speed of transition of g(s it ; ; c i ) between 0 and 1 and thus the speed of transition between the two extreme states. Let ! 1 and the transition becomes abrupt. The parameter is supposed to be the same for all countries. Since the transition variable s it can only attain values in the subset of positive real numbers, it makes sense to constrain the location parameter such that the distribution function is always centered around a nonnegative number. As can be seen in …gure 1, for greater than 15 the transition is already very steep and for greater than 100, the transition is abrupt.
Estimation and Linearity Testing 3.3.1 Gaussian Innovations
One of the advantages of the multivariate GARCH framework is that model parameter estimation is made very simple by maximization of a likelihood function constructed under the assumption of an i.i.d. distribution for innovations z t . The most commonly employed distribution in the literature is the multivariate normal. One of the main advantages of assuming gaussianity of innovations is that, even if the true distribution is not conditionally Gaussian, a consistent estimator of the parameters can still be obtained by maximization of the Gaussian log-likelihood function. Jeantheau (1998) proves the strong consistency of the Gaussian quasi-maximum likelihood estimator of multivariate GARCH models. Given the assumption of normality of z t we have that and H t = D t RD t . De…ne as the parameters to be estimated in the model. The log-likelihood function for T observations can be written as
where
Maximizing L T ( ) with respect to yields the maximum likelihood estimator b T .
Fat Tails
Empirical studies in the …nance literature often indicate that the unconditional distribution of asset returns portrays excess kurtosis beyond of what would be expected given a conditional normal distribution. One alternative to the Gaussian multivariate distribution for the innovations z t is then the Student-t distribution. Bollerslev (1987) …rst proposed the use of the standardized Student log-likelihood in the univariate GARCH setting. Harvey, Ruiz and Sentana (1992), among others, extended it to the multivariate setting. Assuming that z t follows a standardized multivariate Student distribution with v degrees of freedom such that
where again H t = D t RD t . Since the second moment of a Student distribution is only de…ned for v > 2 it is convenient to constrain the number of degrees of freedom to be always greater than 2. This allows H t to always be interpreted as the conditional covariance matrix of " t . As v converges to in…nity the Student density converges to the normal density. De…ne v as the parameters to be estimated in the model. Notice that this includes one more parameter than , the number of degrees of freedom v. The log-likelihood function for T observations can be written as
The Student-t distribution may be preferred by …nancial market practitioners if the objective is to use the model to evaluate the "value at risk" of a group of assets. In that case, the interest relies on the probability of the joint occurrence of several extreme events, which is often underestimated by the multivariate normal distribution.
One drawback of using the multivariate Student density is that it may lead to inconsistency of estimator if the distributional assumption is incorrect (see Newey and Steigerwald, 1997) . While the Student density may often yield more e¢ cient estimators, using the Gaussian density will always yield consistent ones as long as the conditional mean and variance are correctly speci…ed (see Bollerslev and Wooldridge, 1992) . For this reason the empirical results presented in section 4 are based solely on the Gaussian density.
Linearity Test
Before estimating the model it is necessary to test for linearity in the variance equations. If linearity is not rejected, some parameters of the proposed model may not be identi…ed and the model cannot be estimated. Given that estimation of the model under the alternative hypothesis is not warranted possible, one way to proceed with linearity testing is to apply the Lagrange Multiplier (LM) test methodology.
LM linearity tests were pioneered by Pagan (1978) and require testing for the null hypothesis of = 0. Under the null hypothesis H 0 : = 0, the transition function g(s it ; ; c i ) assumes the value 1 2 and the nonlinear model collapses into a linear extended CCC-GARCH model. As it has already been mentioned, this leads to identi…cation problems. In order to avoid estimation of unidenti…ed parameters, Luukkonen, Saikkonen and Teräsvirta (1988) consider an approximation of the alternative by a Taylor expansion around = 0 to the transition function g(s it ; ; c). Given the choice of s it = h it 1 as the transition variable and the fact that only the intercept may be switching, a third order Taylor expansion around = 0 is used. Under such approximation, the transition function becomes:
De…ne w t 1 = (1; "
Note that applying the above transformation to each variance equation in (4) and collecting the nonlinear terms yields the auxiliary model: 
In expression (12), = T b is a consistent estimator for the asymptotic information matrix. Under standard regularity conditions, LM has an asymptotic 2 distribution with 6N 2 + 3N degrees of freedom. Note that the test statistic will have the same expression regardless of the distributional assumption for the innovations z t . The di¤erences will be in the form of the score function Table 1 : Parameters for the extended CCC-GARCH model.
Model 5% 10% T = 1000 T = 3000 T = 5000 T = 1000 T = 3000 T = 5000 CCC-GARCH1 
Simulation Studies 3.4.1 Size Study
Before applying the suggested model to empirical data it may be interesting to assess the …nite sample properties of the LM test of linearity in conditional variances against the logistic smooth transition hypothesis. For the size study, a bivariate extended CCC-GARCH(1,1) model is estimated. The series are parameterized as in Table 1 with normally distributed errors and correlation coe¢ cient equal to 0.65. The values are chosen to mimic …nancial data from a representative country in the data set. The sample sizes for the simulations are 1000, 3000 and 5000 observations and for each sample size 5000 replications are computed. In order to avoid initialization e¤ects, the …rst 1000 observations are not used. The results can be seen in Table 2 .
The LM test statistic in (10) is calculated at each replication and the frequencies of rejection at the asymptotic signi…cance levels of 5% and 10% can be seen in Table 2 .
There seems to be no persistent size distortion for the CCC-GARCH1 model. The CCC-GARCH2 model, as expected, presents signi…cant size distortions. On a positive note, even for the nearly integrated model the distortions seem to be diminishing with sample size.
DCC-GARCH Series

Power Study
Many studies on …nancial contagion and comovements try to model contagion as shifts in correlations. Examples of this are Tse and Tsui (2002) and more recently Billio and Caporin (2005) . It is thus interesting to …nd out whether or not the LM test has any power when data is generated by models that allow for changes in conditional correlations. In this case, it is natural to …rst start with the simpler DCC-GARCH model of Engle (2002) . Since the CCC-STGARCH model contemplates the possibility of nonlinearities in the variance equations, it may also be interesting to see how the LM test performs when the data is generated by a model that introduces nonlinearities to the conditional correlations. For that matter, the power of the LM test is also evaluated when data is generated by the STCC-GARCH model of Silvennoinen and Teräsvirta (2005) . Finally, the power of the test is evaluated with data generated by the proposed CCC-STGARCH model. In the case of DCC-GARCH(1,1) and STCC-GARCH(1,1) the parameters of interest are chosen to re ‡ect empirical results in the previously mentioned studies. In the case of the CCC-STGARCH(1,1) model, the parameters are chosen to re ‡ect results from this study.
Power simulations are performed for sample sizes of 1000, 3000 and Table 4 : Parameters for the CCC-STGARCH model. In this case, is the constant conditional correlation coe¢ cient, is the slope parameter and c is the location parameter. The vectors a j and matrices A j and B j contain the parameters for each regime j, as in (4).
Model 5% 10% T = 1000 T = 3000 T = 5000 T = 1000 T = 3000 T = 5000 DCC-GARCH Table 5 : Rejection frequencies for the LM test of linearity in conditional variances when data is generated by the DCC-GARCH, the STCC-GARCH, and the proposed CCC-STGARCH models. 5000 observations. For each sample size, 5000 replications are computed. The parameterizations are shown in Tables 3 and 4 . Given the size distortions observed in the size study, an adjustment is made to the critical values such that the true size is approximately equal to the nominal one without exceeding it. The size-adjusted power simulations are performed and frequencies of rejection at the asymptotic signi…cance levels of 5% and 10% are reported on Table 5 . Clearly the LM test is consistent when the data generating process is the CCC-STGARCH model. For a small shift in volatility interactions (the CCC-STGARCH2 data generating process), the test has small power but is still consistent. For the other two data generating processes we see that the power approaches the size, which means the test is robust to misspeci…cations of the correlation structure. Even if data is generated by other types of linear models, linearity is not rejected in most of the cases.
Results
Two sets of data are analyzed in this study. The …rst set of data of interest comprises daily returns on the Emerging Markets Bond Indices (EMBI Global) put forward by JP Morgan. Simple returns of the indices are calculated for Argentina, Brazil, Mexico and Russia. The sample ranges from January 1994 to April 2006.
The same analysis is also performed on a second set of data comprised of daily returns on leading local stock market indices. For this set Russia is excluded due to lack of data. Simple daily returns are calculated on Argentina's Merval Index, Brazil's IBOVESPA Index and Mexico's Dow Jones Index. The sample for the second data set ranges from August 1993 until September 2006.
The four countries chosen are considered emerging market economies and in the previous 12 years have su¤ered at least one …nancial crisis of large proportion. Mexico went through its Tequila crisis in 1994 with the devaluation of the Mexican Peso. Russia defaulted on its debt in the aftermath of the Asian crisis in 1998. Brazil devalued its currency in 1999 and Argentina went through both a default and a devaluation in the biennial of 2001-02. Table 6 provides descriptive statistics for the discussed series. The returns on the indices are also displayed in Figures  2 and 3 . Tables 7, 8, 9 and 10 reports results on the estimation of the model under the null of linearity and the LM test statistic as in (12) followed by its p-value.
The model is estimated for each pair of countries and then for all four countries together in the …rst set of data and three countries in the second. For all pairs but Argentina and Russia in the …rst set linearity in conditional variances is strongly rejected. It is worth noting that under the assumption of linearity, there seems to be no evidence of volatility interactions.
Next, the CCC-STGARCH model is estimated. In order to account for positivity of the transition variable the centrality parameter c in the transition function is constrained to be positive. It is also clear from Figure 1 that the speed of transition will vary little for greater than 100. In order to facilitate convergence a restriction is also imposed on . The same combination of countries in the two data sets is used for estimation of the model under the alternative of nonlinearity with the exception of the bivariate model for Argentina and Russia. Tables 11 and 12 report the estimates for the bivariate and multivariate CCC-STGARCH models for the EMBI data. There is no evidence to support contagion. Though it cannot be said that there is contagion, the results in the EMBI sample point to the e¤ect known as "loss of interdependence". This e¤ect accounts for the disappearance of market linkages during a crisis and relates to the fact that investors initially may panic and identify all related markets as being similar in fundamentals. As the initial panic disperses and market fundamentals are sorted the volatility interactions disappear. Similar result has also been evidenced by Billio and Caporin (2005) . Tables 13 and 14 report the estimates for the bivariate and multivariate CCC-STGARCH models for the stock indices data. Results here are less obvious. In the bivariate model for Argentina and Mexico there is strong evidence of contagion from Argentina to Mexico. It is also interesting to notice that there is evidence of loss of interdependence. In the high volatility regime Argentina's volatility is not responsive to Mexico's volatility but the same cannot be said for the low volatility regime.
Finally, one caveat is in order. The number of observations available for the estimation of a certain regime may be very small if the transition function is centered at a particularly high or low value. Thus, there may be too much variability in the estimation of the parameters for that particular regime. This translates into the high standard errors sometimes observed. It is also important to note that since transitions are abrupt in most cases, the estimation of the transition parameter can be very imprecise.
Conclusion
The CCC-STGARCH model introduced in the previous sections uses as base model the extended CCC-GARCH model in He and Teräsvirta (2004) and seems to be very adequate for the task of modeling volatility dynamics of related markets. An LM test of linearity in conditional variance equations is introduced as well and shows consistent power as well as desirable robustness properties.
One of the great advantages of the proposed model is its simplicity. Its parameters can be estimated in one step by Quasi-Maximum Likelihood and appear to be very informative when it comes to interactions between variables. It also allows for a rather general volatility structure in which even unconditional variances may change as a function of conditional variances, though global stability is guaranteed by limiting stationary regimes.
When applied to two di¤erent sets of data the model provided interesting insights on how market linkages behave during a crisis. For the data on bonds the results pointed to loss of interdependence, which according to Billio and Caporin (2005) is indicative of discontinuities in the volatility propagation mechanisms. The data on stocks provided some evidence to support existence of contagion. 
t 1 ) (14) where, for instance, A i1 is the i-th row of matrix A 1 . The vectors " (2) t 1 and h (2) t 1 are de…ned as in (4) . Consider now the case where the transition function g(s it ; ; c i ) is substituted by its Taylor expansion around = 0 (e g(s it ; ; c i )) as in (10) and de…ne w t 1 = (1; " 
with j ( ) as in (9) and ij ( ) the i-th row of matrix j ( ). Note that f res i ( ) = res(s it ; ; c)(e a i2 + e A i2 "
t 1 ).
A.1 LM Test -Gaussian Density
De…ne as in (7), the log-likelihood function for observation t is then given by
where z t = D . . . . . .
. . .
. . . The LM test statistic is
with information matrix = T ( ) = T
The LM test statistic is
with information matrix = T ( v ) = T
